We study the problem of maximising terminal utility for an agent facing model uncertainty, in a frictionless discrete-time market with one safe asset and finitely many risky assets. We show that an optimal investment strategy exists if the utility function, defined either over the positive real line or over the whole real line, is bounded from above. We further find that the boundedness assumption can be dropped provided that we impose suitable integrability conditions, related to some strengthened form of no-arbitrage. These results are obtained in an alternative framework for model uncertainty, where all possible dynamics of the stock prices are represented by a collection of stochastic processes on the same filtered probability space, rather than by a family of probability measures. 
Introduction
Tackling model uncertainty has become a popular research area of mathematical finance, particularly over the past decade, as it provides a more realistic description of financial markets and behaviours. In fact, while the classical paradigm in the literature has been that economic agents have perfect a priori knowledge of the probability laws governing the evolution of markets, in reality there is insufficient available information to build completely accurate models.
The dominant framework to model this uncertainty or ambiguity is to consider a family of probability measures on some canonical space where questions of hedging, pricing and optimal investment are addressed. The presence of multiple, possibly mutually singular probability measures expresses, in an intellectually satisfying way, that we are looking for solutions which work whatever the true model specification is (in the given class of models). The related mathematical difficulties are tantalising, just like the connection to well-established theories such as that of optimal transport.
In this article, we work on the optimal investment problem when uncertainty is present in an alternative framework which we regard as no less adequate and allows to prove results that are currently unavailable in the mainstream setting: the agents consider a whole family of stochastic processes, defined on the same stochastic basis, as the class of possible prices, all of which are regarded as equally plausible. Note that this does not exclude the laws of these processes being, e.g., mutually singular. In this way, we can cover certain cases which the standard setting cannot. There are also model specifications that elude our present approach, but are conveniently handled with the existing tools. Hence, our contribution complements, without subsuming, the prevailing approach of, e.g., Bartl [1] ; Blanchard and Carassus [2] ; Neufeld and Šikić [8] ; Nutz [9] ; see Section 4 for more on this.
The goal of this paper is to investigate conditions under which the robust utility maximisation problem from terminal wealth for a risk-averse investor in a discrete-time financial market admits a solution. As usual, the agents adopt a worst-case approach in evaluating a given payoff by first minimising over all stock prices that can materialise, and then selecting the investment strategies that offer the best of such worstscenario utilities. In the aforementioned papers, a main mathematical tool for proving the existence of optimal strategies is dynamic programming, which allows to reduce the multi-period robust portfolio choice problem to a sequence of one-period decision problems. In the present work, we use a direct approach, by constructing optimal strategies from optimising sequences via Komlós-type arguments. This is carried out under the assumption that there are no arbitrage opportunities for some model in the collection of all possible models. This condition is strictly stronger than the conventional robust no-arbitrage condition (see Assumption 2.1 and Remark 2.6 below).
One of the main contributions of this work is that utility functions on the positive axis and on the whole real line are both treated. In addition, we consider bounded above functions, as well as functions that can grow without a bound; in the latter case, we replace boundedness of the utility with certain integrability conditions. Random endowments could be admitted at little cost, but this is not pursued in the present work.
The structure of the paper is as follows: Section 2 presents the model and the mathematical formulation of the utility maximisation problem taking into account model uncertainty; Section 3 states and discusses our main results; Section 4 contains two illustrative examples; Section 5 outlines further directions of research and concludes. For fluidity, all proofs are collected in the appendix.
Model
Consider a financial market consisting of d ∈ N traded risky assets plus an additional risk-free asset with constant unit price, and fix a time horizon T ∈ N. Let (Ω, , F = { t } t∈{0,1,...,T } , P) be a discrete-time stochastic basis, and assume that the σ-algebras occurring in this paper contain all P-null sets. For every n ∈ N and ⊆ , denote by L 0 ( ; R n ) the space of -measurable, R n -valued random variables (as usual, we identify random variables coinciding outside a P-null set), endowed with the metrisable topology of convergence in probability.
Let be a non-empty family of adapted, R d -valued processes on this stochastic basis, and define the topological product space ⊗ T t=1 L 0 ( t−1 ; R d ). When the (discounted) prices of the risky assets evolve according to the process S ∈ , the (discounted) wealth at time t ∈ {0, 1, . . . , T } of a self-financing portfolio φ ∈ with initial capital w 0 ∈ R is given by
Here, ∆S t S t − S t−1 is the price change at trading period t ∈ {1, . . . , T }, while ·, · R d denotes the Euclidean inner product in R d with the corresponding norm · R d . A strategy is admissible if it is feasible for each particular possible price, that is, the set of admissible trading strategies with initial capital w 0 is (w 0 )
S ∈ (w 0 , S ) for some (w 0 , S ) ⊆ , which will be specified later, depending on the domain of the utility function.
Next, for every S ∈ and t ∈ {1, . . . , T }, let P ∆S t | t−1 (·, ·) be a regular conditional distribution of ∆S t with respect to t−1 . By redefining on a P-null set, P ∆S t | t−1 (·, ω) is a probability measure on (R d , (R d )) for all ω ∈ Ω, and we denote by D S t (ω) the smallest affine subset of R d containing the support of P ∆S t | t−1 (·, ω). Throughout the paper, assume that the collection of stock prices contains at least one process for which there is no chance of making a riskless profit out of nothing. In addition, for such price process, no risky asset can be obtained as a combination of the others. Assumption 2.1. The set * of all S ∈ satisfying both
and
is non-empty.
The following alternative characterisation of the arbitrage-free and "non-redundant" price processes is provided by Rásonyi 
(ii) For every t ∈ {1, . . . , T }, there exist t−1 -measurable random variables β S t > 0 P-a.s. and κ S t > 0 P-a.s. such that ess inf
Additionally, we make the assumption that the investors' risk preferences are continuous and nonsatiable, with declining marginal utility. Assumption 2.3. The utility function U : R → R ∪ {−∞} is continuous on
as well as non-decreasing and concave on int(dom(U)).
In the presence of uncertainty, the investors' objective is to choose an admissible portfolio that maximises their worst-case expected utility from terminal wealth over all possible asset prices. This model uncertainty version of the optimal portfolio problem is defined precisely below. Note that the same plausibility is attached to every price process in . Definition 2.4 (Robust optimal portfolio). A portfolio φ * ∈ (w 0 ) is optimal under model uncertainty for an investor with initial wealth w 0 if u(w 0 ) sup
Here, we adopt the usual convention that if a random variable is such that its positive and negative parts both have infinite expectation then its expectation is defined to be −∞, that is, +∞ − ∞ −∞.
. . , 0 d ) denotes the safe portfolio allocating all wealth to the safe asset.
The next section demonstrates the existence of an optimiser for (2.4) in two settings: initially, the investors are subject to the usual no-bankruptcy requirement; later, we relax this constraint and treat the case of finite utility on the whole real line. Remark 2.6. We establish our results under Assumption 2.1, which implies that there is at least one arbitragefree S * ∈ . Compare this latter condition to the standard "robust no-arbitrage condition" of, e.g., Nutz [9] which, in our present framework, would read as:
It is not difficult to check that (RNA) is a weaker condition than Assumption 2.1. Compare also to Blanchard and Carassus [2] , where unbounded from above utilities U(·) are treated under a (strengthened) no-arbitrage condition for every model S ∈ (see Definition 2.4 therein).
Main Results

Utility on the positive real line
We focus on the case where debt is disallowed under every scenario for the evolution of stock prices, so the utility function has effective domain of definition equal to the positive half-line.
Remark 3.2. In view of monotonicity, U(·) is extended in a natural way to [ 0, +∞) by setting U(0) lim x→0 + U(x), which is possibly −∞. We suppose further, without loss of generality, that U(+∞) lim x→+∞ U(x) > 0. Also, note that (w 0 ) is convex and closed (with respect to the subspace topology τ of the product topology on ).
Both of the existence theorems of the current subsection rely on the following key lemma, whose proof proceeds along the lines of that of Rásonyi and Stettner [15, Lemma 2.1]. This result, which implies the boundedness of the admissible set (w 0 ), comes into play in the construction of a candidate optimal portfolio. Lemma 3.3. Let w 0 > 0, and let Assumptions 2.1 and 3.1 hold. For every S ∈ * and t ∈ {1, . . . , T }, there exists an t−1 -measurable random variable G S t > 0 P-a.s. such that ess sup
Proof. See Appendix A.
Our first main result states that, whenever the investors' utility is bounded from above, not only is the robust utility maximisation problem (2.4) trivially well-posed (i.e., u(w 0 ) < +∞ for every initial capital w 0 ), but an optimal strategy always exists. Theorem 3.4. Let w 0 > 0, and let Assumptions 2.1, 2.3 and 3.1 hold. If U(+∞) < +∞, then there exists
Alternatively, suppose that investors can derive arbitrarily high satisfaction as wealth grows arbitrarily large. In order to be able to still control from above the robust expected utility of terminal wealth, and thus obtain a solution for (2.4), we make the additional assumption (3.4) concerning the dynamics of all possible prices as well as a stronger version of absence of arbitrage in one of the models. Theorem 3.5. Let w 0 > 0, and let Assumptions 2.1, 2.3 and 3.1 be valid. Also, define
Assume further that
holds for some S * ∈ * , where each β S * t is the random variable given by Proposition 2.2 . Then there exists φ * ∈ (w 0 ) such that u(w 0 ) = inf
Utility on the whole real line
Consider now the possibility that wealth can become negative, meaning that the utility function takes on finite values everywhere on the real line. For an investor with bounded from above preferences, no constraints need to be imposed on portfolio choice, hence any investment strategy is admissible.
The next result extends our Theorem 3.4 to the whole real line, thereby showing that there is also an optimal portfolio in this setting. Theorem 3.7. Let w 0 ∈ R, and let Assumptions 2.1, 2.3 and 3.6 hold. If U(+∞) < +∞, then there exists φ * ∈ such that u(w 0 ) = inf
When U(·) is not bounded from above, however, the set of admissible strategies should be restricted, so as to exclude the investments that lead to infinite disappointment (recall our convention +∞ − ∞ −∞).
Moreover, dom(U) = R.
In our last theorem, we remove the hypothesis of U(·) being bounded from above. This comes at the price of assuming that each S ∈ is arbitrage-free, in a strong sense. Dealing with the integrability issues that arise from U(+∞) = +∞ also requires a growth condition on the utility for large positive values of wealth; note that (3.6) is slightly weaker than the reasonable asymptotic elasticity property at +∞ (see Kramkov and Schachermayer [7] ). Assumption (3.7) resembles the conditions of Theorem 3.5 above, as well as those of Blanchard and Carassus [2, Theorem 3.6]. As far as we know, this is the first result of its kind in the literature. Theorem 3.9. Let w 0 ∈ R, and let Assumptions 2.1, 2.3 and 3.8 be valid. Let
hold with some C > 0 and 0 ≤ α < 1. Assume further that, for all S ∈ , for all t ∈ {1, . . . , T } ,
where β S t , κ S t are the random variables given by Proposition 2.2, and is as in (3.3). Then there exists φ * ∈ (w 0 ) such that u(w 0 ) = inf
Proof. See Appendix A, pp. 12-14.
Examples
The present setting deviates from the usual one in that, rather than fixing a process S on a measurable space (Ω, ) and considering a family of probabilities on (Ω, ), we fix the stochastic basis and vary S ∈ .
Example 4.1 (Volatility and drift uncertainty). Consider the t-fold Cartesian product Ω t {−1, 1} t for all t ∈ {0, 1, . . . , T }, and denote by 2 Ω t the power set of Ω t . Set also Ω Ω T . Define the mappings
and the filtration F as t Π −1 t 2 Ω t . Fix p ∈ (0, 1), and equip the measurable space Ω, 2 Ω with the probability measure defined by
1 Hereafter,
denote the positive and negative parts of U(·), respectively. where δ x is the Dirac measure at x ∈ R, 2 and proj t is the t-th projection map from Ω to {−1, 1}. 3 Moreover, let s 0 ∈ R be given, and introduce the parameter space Γ σ ,σ T × R T for some 0 <σ <σ. For every γ = (σ, µ) ∈ Γ , define the real-valued process
Even though arbitrage opportunities exist for certain price processes, it is easily seen that each S γ ∈ with |µ t | < σ t for all t ∈ {1, . . . , T } admits a unique equivalent martingale measure given by
In addition, S γ has independent increments for every γ ∈ Γ , which as observed by Rásonyi and Stettner [14, Proposition 7.1] entails that condition (3.4) holds and that (3.7) is satisfied by any arbitrage-free process in . Note also that may contain price processes whose laws are mutually singular. Consider now {Law(S ) : S ∈ }, which is a subset of the space of all probability measures on (R, (R)). This simple model class is a typical example of model-misspecification where the "volatility" parameter σ and the drift parameter µ are unknown. It can be treated in our framework. It does not, however, satisfy the condition on in Section 3 of Nutz [9] . On the other hand, let us fix s 0 ∈ R and σ > 0, set
and define {P p : p ∈ (0, 1)} where each P p is of the form (4.1). While satisfies the conditions of Nutz [9] , we cannot incorporate this example into our framework in a natural way. Indeed, one would like to have the filtration defined by coordinate mappings, but then there is no probability P on (Ω, 2 Ω ) such that one can construct adapted processes S p , p ∈ (0, 1) with respective laws P p , p ∈ (0, 1) under P.
The example just presented shows that, while the usual approach is capable of capturing uncertainty at the level of the "probabilistic skeleton" of the process (e.g., probabilities on a tree), our approach can be successful for various parametrisations when the filtration (the information structure) is kept fixed.
Below is another, "non-parametric" example that can be covered by our method.
Example 4.2. On a fixed probability space (Ω, , P), consider a collection {ε 1 , . . . , ε T } of independent and standard uniform random variables. Define the filtration F as t σ (ε 1 , . . . , ε t ) for all t ∈ {0, 1, . . . , T }, let s 0 ∈ R be given, and denote by a certain set of non-decreasing functions l : [0, 1] → R such that l(0) = −1 and l(1) = 1. For every l ∈ , let S l = {S l t } t∈{0,1,...,T } be the real-valued process given by
If contains, e.g., an l * such that 1 0 l * (x) dx = 0, then S l * is a martingale under P.
2 Recall that, given x ∈ R, the Dirac measure at x is the probability measure δ x : (R) → {0, 1} defined by
0, otherwise. 3 Given a Cartesian product X 1 × . . . × X n and k ∈ {1, . . . , n}, the k-th projection map proj k :
Conclusion
In this paper, we provide a positive answer on the question of existence of solutions of the worst-case robust utility maximisation problem in the present alternative framework for model uncertainty. It is desirable to extend the arguments of the present paper to continuous-time models as well. It should also be investigated whether there exists a price process S 0 ∈ with respect to which the standard utility maximization problem is equivalent to the robust utility maximisation problem (by analogy with, e.g., the least favourable measure in Schied [17] ).
A. Appendix: Proofs
This appendix contains the proofs of the results appearing in Section 3.
Proof of Lemma 3.3. Let S * ∈ * ∅ be given. The random variables G S * 1 , . . . , G S * T are constructed recursively as follows.
, where β S * 1 is given by Proposition 2.2, and let φ ∈ (w 0 , S * ). Since
which together with (2.2) yields 4
(ii) Suppose that, for some t ∈ {1, . . . , T }, we have obtained G S * 1 , . . . , G S * t satisfying the conditions of Lemma 3.3. If we set G S * t+1
by the Cauchy-Schwarz inequality. As a consequence,
and a similar argument to that of the previous step leads to φ t+1 R d ≤ G S * t+1 a.s.. 4 Here, 1 1 A : X → {0, 1} is the indicator function of the set A ⊆ X, defined as
Proof of Theorem 3.4. Well-posedness of the optimisation problem (2.4) is trivial, as
T (w 0 , ϕ) ≤ U(+∞) for all ϕ ∈ (w 0 ) and S ∈ . The proof of existence of an optimal portfolio is organised into three parts.
(i) We claim that, for every S ∈ , the functional Ξ S :
(w 0 ) → R ∪{−∞} defined by
T (w 0 , ϕ) , for all ϕ ∈ (w 0 ) , is sequentially upper semicontinuous. To see this, let ϕ ∈ (w 0 ) and consider a sequence {ϕ n } n∈N ⊆ (w 0 ) converging to ϕ with respect to τ. Then ϕ n t n∈N converges in probability to ϕ t for all t ∈ {1, . . . , T }, which combined with the continuous mapping theorem gives the convergence in probability of
where the second inequality is a consequence of Fatou's lemma and the reverse Fatou lemma (whose use is justified by U + W S T (w 0 , ϕ n ) ≤ U(+∞) for all n ∈ N). Now note that is first-countable, since any finite product of metrisable spaces is metrisable and every metrisable space is first-countable. But this implies that the subspace (w 0 ) is also first-countable. In addition, recall that sequential upper semicontinuity and upper semicontinuity are equivalent notions in first-countable spaces. Consequently, the functional Ξ :
(w 0 ) → R ∪{−∞} defined as
being the pointwise infimum of the non-empty collection {Ξ S (·)} S ∈ of upper semicontinuous functions, is itself upper semicontinuous.
(ii) Consider a sequence {ϕ n } n∈N ⊆ (w 0 ) such that, for all n ∈ N,
By virtue of Assumption 2.1, we can find some process S * for the risky asset prices in , and note that ), it is immediate that not only ϑ n 1 n∈N converges in probability to φ * 1 , but also ϑ n 1 , ϑ n 2 ∈ conv ϕ m 1 , ϕ m 2 : m ≥ n for all n ∈ N. Proceeding recursively in this way, we construct in a finite number of steps a process φ * ∈ and a sequence {φ n } n∈N such that φ n ∈ conv ϕ n , ϕ n+1 , . . . for all n ∈ N, and convergence in probability of φ n t n∈N to φ * t holds for all t ∈ {1, . . . , T }.
(iii) It remains only to verify that the process φ * ∈ found in (ii) is a solution of (2.4). That φ * is an admissible portfolio is obvious by convexity and closedness properties of (w 0 ). Furthermore, we use that U(·) is concave and inequality (A.1) to see that
for all n ∈ N, which together with (sequential) upper semicontinuity yields Ξ(φ * ) ≥ lim sup n→+∞ Ξ(φ n ) ≥ u(w 0 ).
Proof of Theorem 3.5. A quick inspection of the proof of Lemma 3.3 reveals that, under condition (3.4) , the random variables G S * 1 , . . . , G S * T also belong to . The proof proceeds in three steps. (i) To show that (2.4) is well-posed, first observe that, because U(·) is concave, there is C > 0 such that U(x) ≤ C (|x| + 1) for all x > 0. Using this linear growth condition, the Cauchy-Schwarz inequality, and Lemma 3.3,
for all ϕ ∈ (w 0 ) and S ∈ , thus u(w 0 ) ≤ C 1
(ii) Let the functionals Ξ S (·) for every S ∈ , and Ξ(·) be as in the proof of Theorem 3.4. To establish upper semicontinuity of Ξ(·), it suffices to show that Ξ S (·) is sequentially upper semicontinuous for all S ∈ , so fix ϕ ∈ (w 0 ) and an arbitrary sequence {ϕ n } n∈N ⊆ (w 0 ) convergent to ϕ in the topology τ. Since U ± W S T (w 0 , ϕ n ) n∈N converge in probability to U ± W S T (w 0 , ϕ) , and U + W S T (w 0 , ϕ n ) n∈N is dominated by the integrable random variable on the right-hand side of (A.2), we can apply both Fatou's lemma and the reverse Fatou lemma to obtain lim sup
(iii) The desired conclusion can now be reached by repeating verbatim steps (ii) and (iii) in the proof of Theorem 3.4.
Proof of Theorem 3.7. Without loss of generality, assume that U(0) = 0. Any strategy in is optimal for (2.4) if U(·) is constant, so suppose otherwise. Then, by concavity of U(·), there exist C 1 , C 2 > 0 such that
Now fix some S * ∈ * ∅, and let {ϕ n } n∈N ⊆ such that inf S ∈ E P U W S T (w 0 , ϕ n ) > u(w 0 ) − 1 /n for every n ∈ N (recall that u(w 0 ) > −∞). The proof consists of several steps.
(i) Using
for all n ∈ N and U(+∞) < +∞, we get sup n∈N E P U − W S * T (w 0 , ϕ n ) < +∞. Also, (A.3) implies
(ii) Since (NA) holds for S * , it follows from the Dalang-Morton-Willinger theorem [4] that there exists a probability measure Q * , equivalent to P, such that S * is a martingale under Q * and ζ * dQ * /dP is a.s. bounded above by some constant K > 0. Then, for every n ∈ N,
so by Jacod and Shiryaev [6, Theorem 2] the process W S * t (w 0 , ϕ n ) t∈{0,1,...,T } is a Q * -martingale. As a consequence,
is a Q * -submartingale for each n ∈ N leads to
(A.5)
(iii) A straightforward adaptation of the arguments from the proof of Lemma 3.11 in Rásonyi and Rodríguez-Villarreal [13] shows
Indeed, if we fix arbitrary n ∈ N and t ∈ {1, . . . , T }, then (A.5) together with
(iv) Next we claim that, for every t ∈ {1, . . . , T }, there exists a probability measureQ t , equivalent to P, such that sup
The proof is identical to that of, e.g., Imkeller and Perkowski [5, Lemma 3.2], but we reproduce it for the convenience of the reader. Let t ∈ {1, . . . , T } be given, and defineQ t : T → [0, 1] as
. Clearly,Q t is equivalent to Q (hence, by transitivity, to P). Moreover, for all n ∈ N,
which combined with (A.6) gives the intended result. 
(with all of its subsequences) Césaro-convergeQ 2 -a.s. to some
Repeating the same argument T − 2 more times, we produce φ * ∈ and a subsequence of the original maximising sequence (which, for simplicity, we continue to denote by {ϕ n } n∈N ) such that, for all t ∈ {1, . . . , T },
(whence P-a.s., and consequently also in P-probability).
(vi) The proof that the functional Ξ :
→ R defined by
is upper semicontinuous unfolds exactly as in the proof of Theorem 3.4. Hence,
the second inequality being due to the the assumption that U(·) is concave. This establishes the optimality of φ * .
Proof of Theorem 3.9. We use some ideas originating from [12] , and later re-used in [10; 11] . We may and will assume that U(0) = 0; this can be ensured by adding a constant to U(·), which does not change either (w 0 ) or the validity of (3.6) (though it may change the constant C figuring there). The case of constant U(·) is trivial. In all other cases,
holds for some C 1 , C 2 > 0. We carry out the proof in three steps.
(i) Fix S ∈ and some c < 0; also, let ϕ ∈ (w 0 , S ) be given. By Lemma 3.1 of Rásonyi and Rodríguez-Villarreal [13] (which is a straightforward consequence of Rásonyi and Stettner [14, Proposition 7.1]), there exists a probability measure Q(S ) ∼ P such that S is a Q(S )-martingale, dP /dQ(S ) ∈ , and dQ(S ) /dP is bounded (a.s. is a Q(S )-martingale. In particular,
Next, choose θ > 1 such that αθ < 1. Then, with suitable constants C 3 , C 4 , C 5 , C 6 ∈ (0, +∞) not depending on the strategy ϕ. Here, the first inequality is trivial, we used (3.6) in the second inequality, Hölder's inequality (with exponent 1 /αθ > 1) and dP /dQ(S ) ∈ in the third inequality, (A.7) in the fourth inequality, boundedness of dQ(S ) /dP in the fifth inequality, and (A.3) in the last inequality. As a consequence, (ii) Consider the functional Ξ S : (w 0 , S ) → R defined as Ξ S (ϕ) E P U W S T (w 0 , ϕ) , for all ϕ ∈ (w 0 , S ). Similarly to the previous proofs, we show upper semicontinuity of Ξ S on c (S ). If c (S ) is empty, then there is nothing to prove. Otherwise, let {ψ n } n∈N ⊆ c (S ) converge to some ψ (in the topology of ). By de la Vallée-Poussin theorem, (A.11) implies the uniform integrability of the family U + W S T (w 0 , ψ n )
which entails not only upper semicontinuity of Ξ S (·), but ψ ∈ c (S ) as well. In other words, we have also shown that c (S ) is closed in . Then it is easy to see that Ξ : (w 0 ) → R given by
Ξ(ϕ) inf
S ∈ Ξ S (ϕ) , for all ϕ ∈ (w 0 ) , is upper semicontinuous, too, on ∩ S ∈ c (S ).
(iii) Now we turn to showing existence of an optimizer. Take a sequence {φ n } n∈N ⊆ (w 0 ) such that Ξ(φ n ) → sup ϕ∈ (w 0 ) Ξ(ϕ) as n → ∞. There is c < 0 such that φ n ∈ ∩ S ∈ c (S ) for all n ∈ N (otherwise we could extract a subsequence {φ n k } k∈N with Ξ(φ n ) < −k for all k ∈ N, leading to the contradiction u(w 0 ) = −∞). Fix an arbitrary S * ∈ . Recalling (A.3), (A.10), and the boundedness of dQ(S * ) /dP, From this point on, we can follow the proof of Theorem 3.7 and obtain an optimal strategy φ * ∈ ∩ S ∈ c (S ) ⊆ (w 0 ).
